Abstract: We reconsider warped black hole solutions in topologically massive gravity and find novel boundary conditions that allow for soft hairy excitations on the horizon. To compute the associated symmetry algebra we develop a general framework to compute asymptotic symmetries in any Chern-Simons-like theory of gravity. We use this to show that the near horizon symmetry algebra consists of two u(1) current algebras and recover the surprisingly simple entropy formula S = 2π (J + 0 + J − 0 ), where J ± 0 are zero mode charges of the current algebras. This provides the first example of a locally non-maximally symmetric configuration exhibiting this entropy law and thus non-trivial evidence for its universality.
Introduction
Recently a surprisingly simple entropy formula emerged in the near horizon description of three-dimensional black holes [1] and cosmologies [2] ,
where J ± 0 are zero modes of u(1) current algebras associated with soft hairy boundary conditions. 1 This entropy formula is universal in the sense that it applies to flat space and anti-de Sitter (AdS), to Einstein gravity as well as theories with higher derivatives [7] or higher spin [8, 9] . However, so far all studies relied on locally maximally symmetric setups.
To test universality of the entropy formula (1.1) beyond maximally symmetric cases we reconsider warped black holes [10] in topologically massive gravity (TMG) [11, 12] . We impose novel boundary conditions for soft hairy warped black holes in line with the ones introduced in [1] . In order to derive the near horizon symmetry algebra from these boundary conditions we develop a general framework for deriving asymptotic symmetry algebras in any Chern-Simons-like (CS-like) theory of gravity [13] [14] [15] . These models include TMG, but are not restricted to this special case and hence our results are useful for a variety of theories of massive gravity in three dimensions [16] [17] [18] [19] [20] [21] [22] [23] .
Using the general framework we are able to find the near horizon charges and their associated symmetry algebra. We find that even in this locally non-maximally symmetric case, the entropy of the warped black hole can be written in terms of the zero-modes of the near horizon u(1) charges. This is further evidence for the conjecture that non-extremal black holes in three dimensions have an entropy that is universally given by the sum of zero modes of u(1) current algebras.
This work is organized as follows. In section 2 we summarize relevant aspects of warped black holes in TMG. In section 3 we introduce new boundary conditions that allow soft hair excitations on warped black hole horizons. In section 4 we present general results for boundary charges and asymptotic symmetries in CS-like theories. In section 5 we apply these results to deduce the warped near horizon charges and their algebra (including its central extensions). In section 6 we derive the entropy of soft hairy warped black holes and recover the universal result (1.1). In section 7 we conclude. In the appendices we list our conventions (appendix A), provide explicit expressions for near horizon warped black hole solutions with soft hair in TMG (appendix B), construct the warped black hole generalization of the boundary conditions of [5, 6] (appendix C) and present a general CS-like derivation of the black hole entropy (appendix D).
Before starting we mention some of our conventions here. We denote the Levi-Civitasymbol by ǫ, with the sign convention ǫ trϕ = +1, and the corresponding tensor by ε. The sign convention for the Ricci-tensor is fixed by R µν = +∂ λ Γ λ µν − . . . , and we use mostly plus signature.
Note added: While finishing our work we became aware of [24] which studies the near horizon geometry of warped black holes in generalized minimal massive gravity. The master thesis [25] also considers near horizon symmetries for warped black holes and has the result (1.1) for entropy of warped black holes (albeit without soft hair).
2 Warped black holes in topologically massive gravity TMG (with negative cosmological constant Λ = −1/ℓ 2 ) is a third-derivative action [11, 12] ,
containing the gravitational Chern-Simons (CS) term
with the Christoffel connection one-form Γ. Here G is Newton's constant and µ the CS coupling constant, which from now on we rescale by 3/ℓ for later convenience
Varying the action (2.1) with respect to the metric leads to third-derivative equations of motion
where
is the Cotton tensor [26] . We set ℓ = 1 from now on. While every solution to three-dimensional Einstein gravity solves the TMG equations of motion (2.4), there are numerous other solutions, sometimes with striking asymptotic behavior (see e.g. [27] for a classification of all local solutions with two commuting Killing vectors and [28] for further solutions). The set of solutions we are currently interested in are locally warped AdS solutions [29, 30] with a black hole horizon [31] [32] [33] [34] . These black holes are quotients of warped AdS 3 [10] in the same way as BTZ black holes [35] are quotients of AdS 3 [36] and solve the TMG equations of motion (2.4) for ν > 1.
In ADM coordinates warped AdS black holes are given by the metric [10] 
with radial function R(r), lapse N (r) and shift Nφ(r) given by
The angular coordinate is periodic,φ ∼φ + 2π, the radial coordinate is non-negative,r ≥ 0, and the time coordinate is unrestricted,t ∈ R. The locusr =r + corresponds to the black hole horizon, whiler =r − is the inner horizon, wherer + >r − > 0 are real parameters labelling all warped AdS black hole solutions. For later purposes we introduce new parameters r + > r − > 0 defined by
3 Soft hairy warped black holes
In this section we establish new boundary conditions for TMG that allow for "warped black flowers", i.e., warped AdS black holes equipped with arbitrary near horizon soft hair, in full analogy to the BTZ case studied originally [1] . In our whole analysis we assume ν > 1, but occasionally consider the BTZ limit ν → 1.
In section 3.1 we recast the warped AdS black hole metric into a form suitable for a near horizon discussion. In section 3.2 we propose new boundary conditions for warped AdS black holes that we call "soft hairy boundary conditions". In section 3.3 we present these boundary conditions in a convenient CS-like formulation.
Near horizon line-element
The first step of our construction is to rewrite the warped AdS black hole metric (2.5)-(2.8) in a near horizon expansion as Rindler spacetime plus subleading terms.
The relations between hatted and unhatted coordinates are valid forr ≥r + and given by
Rindler acceleration a, horizon radius γ and rotation parameter ω are determined from r ± .
Note the simple relation r + + r − = 4(νγ + ω)/(ν 2 + 3). For the special case ν = 1 the solutions describe BTZ black holes with outer/inner horizons atr =r ± . The relations above then simplify considerably.
Note that the value for Rindler acceleration differs from the usual BTZ expression a BTZ = (r 2 + − r 2 − )/r + since the time coordinate used in (2.5) and (3.1) differs by a factor r + − r − from the usual BTZ time coordinate.
Soft hairy boundary conditions in metric formulation
Concurrent with [1] we impose the following boundary conditions near the warped AdS black hole horizon r = 0 (gauge fixed to Gaussian normal coordinates).
with the functions
chosen such that at r = 0 the Ricci scalar and the square of the Ricci tensor are constants specific to warped AdS 3 , R = −6 and R µν R µν = 6(3 − 2ν 2 + ν 4 ) with warping parameter ν > 1. The leading order fluctuations of the metric are restricted by δa(t, ϕ) = 0 δγ(t, ϕ) and δω(t, ϕ) arbitrary . Note in particular that the function a(t, ϕ) (whose zero mode corresponds to Rindler acceleration) is not allowed to vary. Additional on-shell conditions are given by 2
The boundary conditions (3.9)-(3.13) together with the on-shell conditions (3.14) specify our theory and allow not only for all the warped AdS black hole solutions (3.1)-(3.7), but additionally permit excitations on the horizon by allowing non-trivial functional dependence of γ and ω on the coordinates. We shall recall in section 5 in which sense they can be interpreted as zero energy excitations, i.e., as soft hair. For simplicity we assume constant Rindler acceleration from now on, a = const. The onshell conditions (3.14) then imply conservation equations that can be interpreted as "near horizon holographic Ward identities", analogous to the conservation equations of the (anti-)holomorphic flux components of the stress-energy tensor in AdS 3 /CFT 2 . With this restriction, the class of metrics solving the TMG equations of motion (2.4) for ν > 1 allowed by our boundary conditions (3.9)-(3.13) is given by
2 Finiteness and constancy of the Ricci scalar at r = 0 imply the differential equation (∂ta)(∂tγ) = a∂ 2 t γ, which is solved by γ(t, ϕ) = c0(ϕ) + t a(t ′ , ϕ)c1(ϕ) dt ′ . However, if c1 = 0 the function γ diverges linearly in time for constant Rindler acceleration, which we consider as unphysical. Therefore, we set c1 = 0.
The exact solution reproducing (3.15) near the horizon is given by the line-element
By analogy to the BTZ case [1, 2] we call metrics of the form (3.16) "soft hairy warped black holes" or "warped black flowers". The relation between the two radial coordinates is ρ = 2 sinh
. At large ρ our boundary conditions can be contrasted to previous ones [37, 38] , where the leading order components in g ϕϕ and g tϕ are not allowed to vary, as opposed to here. This is similar to the corresponding comparison of near horizon and Brown-Henneaux boundary conditions for BTZ [1, 2] .
Soft hairy boundary conditions in Chern-Simons-like formulation
Following [15] we use a CS-like formulation to describe TMG and our new boundary conditions. The basic variables are the triad e, dualized spin-connection ω and the Schouten one-form f , all of which are sl(2, R)-valued one-forms. In terms of these, the bulk action is given by
(3.17) Our conventions for the sl(2, R) algebra and wedged commutators are collected in appendix A. The equations of motion are first order in derivatives and read
For constant Rindler acceleration our near horizon boundary conditions describing soft hairy warped black holes can be written succinctly as
Again we have partially gauge fixed to Gaussian normal coordinates with respect to the radial coordinate r. Additionally, we have gauge-fixed local Lorentz symmetries completely by demanding that e r is given by the combination L + − L − and e t proportional to the combination L + + L − . The warping parameter ν appears explicitly only in the r 2 -term of the triad-component e ϕ and implicitly in subleading terms. If ν = 1 the BTZ near horizon boundary conditions in the form presented in [2] are recovered. The expressions for the spinconnection ω and the Schouten one-form f as well as the subleading terms in the triad not displayed above all follow from the equations of motion (3.18) and are provided explicitly up to higher order terms in appendix B. The metric given by (B.10) coincides with (3.15). So far we have merely translated our results into first order form, but in the calculations in the next three sections this translation will pay off. Before we refocus on soft hairy warped black holes in TMG we present general results for boundary charges and asymptotic symmetries in CS-like theories in the next section.
4 Asymptotic symmetries in Chern-Simons-like theories TMG falls into a larger class of theories characterized by a CS-like formulation [13, 14] . For future reference and convenience of application of these results to other theories of threedimensional massive gravity we start with the more general CS-like formulation and restrict to TMG in later sections.
In section 4.1 we summarize the Hamiltonian analysis of CS-like theories and identify the generator of diffeomorphisms. In section 4.2 we present general expressions for their canonical boundary charges and prove that the diffeomorphism generators indeed generate gauge symmetries. In section 4.3 we propose a systematic way to determine the asymptotic symmetries generated by the boundary charges. Here we work mostly in a Hamiltonian formulation of the theory, generalizing the work of [39] to CS-like models. Similar results have been obtained in [23] through the covariant phase space methods of [40] .
Hamiltonian analysis of CS-like theories
CS-like models can be defined in terms of a set of sl(2, R)-vector valued one-form fields labeled by field space indices 3 p, q, r, s, t, i.e., a p = a n µ p L n dx µ . The defining feature of these models is that they have a bulk action which is reminiscent of, but not quite equal to, the usual CS action in three dimensions
Here g pq and f pqr are a completely symmetric field space metric and structure constants, respectively and k is the CS-like level, the overall coupling constant of the theory. For special values of the field space metric and structure constants the theory in fact is equal to a CS theory, but in general this is not the case. We assume that all of the fields appearing in the 3 The field space indices label the fields by taking values equal to the symbol of the field. So in the case of TMG we denote the triad e as a e and similarly a ω = ω and a f = f .
action have a kinetic term. This implies that g pq is invertible and we use its inverse to raise field space indices, i.e. f p qr = g ps f sqr . We consider now gauge-like transformations of the fields a p → a p + δ ξ a p with
Here ξ p = ξ np L n is an sl(2, R) valued 'field space' vector. Not all of these transformations correspond to gauge transformations since only for certain ξ p do they leave the action invariant.
In the Hamiltonian formalism this statement means that not all corresponding constraints are necessarily first class. We will now show which constraints correspond to the generators of diffeomorphisms and prove that they are first class by computing their Poisson brackets with all other constraints explicitly in the next subsection.
Analogously to the CS-formulation of Einstein gravity [41, 42] we find that diffeomorphisms are generated by the transformations (4.2) with ξ p chosen as
With this choice of parameters (4.2) can be written as
where the ellipsis refers to terms which vanish by use of the field equations
In [14] the Hamiltonian form of CS-like theories was studied. There it was shown that the Hamiltonian solely consists of primary constraints φ p times Lagrange multipliers a t p , which are the time components of the fields.
Here the integration is over the spatial part of the manifold, which we will denote with the two-dimensional Latin indices i, j, and ǫ ij ≡ ǫ tij . In our conventions the Poisson brackets of the canonical fields are a n i
where γ nm is the inverse of the sl(2, R) invariant Killing form γ nm = antidiag(−1, 
The time components of the fields are either fixed by consistency of time evolution of the constraints or left arbitrary if the associated constraint is first class and generates gauge transformations. If the field space metric and structure constants are such that all constraints are first class, then the associated CS-like theory is actually a CS theory of the Lie algebra spanned by the Poisson brackets of the constraints. In the most general case, and also for TMG, this is not true and not all of the constraints are first class. The precise conditions under which secondary and second class constraints arise in CS-like models was studied in detail in [14] . For this work it suffices to use the intuition from gravity and focus on constraints which generate diffeomorphisms, i.e. have gauge parameter which can be written as (4.3). In that case, one can show that the constraint function φ[ξ p ] defined above generates diffeomorphisms.
This expression is true off-shell. Taking the symmetry parameter ξ r proportional to the fields generates an extra term in the Poisson brackets proportional to the constraints φ q which exactly cancels the ellipsis in (4.4).
Boundary charges in CS-like theories
In order to make the constraint functions well-defined on manifolds with a boundary we need to add a boundary term Q[ξ p ] to them (see [43] )
This term is defined such that it cancels the boundary terms coming from the variation of the constraints with respect to the fields,
Here we assumed the boundary of the spatial manifold to be a circle parametrized by the coordinate ϕ. One can now choose boundary conditions such that this expression is integrable, finite and conserved.
Including this boundary term the Poisson brackets of the constraints (for general ξ p and η q ) are [14] 
In order for a constraint to be first class, its Poisson brackets with all other constraints should vanish weakly (on-shell). Hence the bulk part of the right hand side of the above expression should vanish up to terms proportional to the constraints themselves. The first term in (4.12) is already proportional to the constraints, but it is not yet improved by a boundary term. The last term is a boundary term, which should equal the charge needed to improve the first term, plus a possible central extension. The term in the middle is more troublesome and does not vanish for general ξ p . Fortunately, when the parameter ξ p is chosen as in (4.3) this term vanishes. To show this rather non-trivial looking result, one should make use of the following identity which holds on-shell and can be derived by acting on (4.5) with an exterior derivative and using the field equations once more.
The terms that remain after plugging the identity (4.13) into (4.12b) can be written as an anti-symmetric combination of three two-dimensional indices
and hence (4.12b) vanishes.
The last thing we need to show is that the Poisson brackets of Φ[ξ p = a µ p ζ µ ] with any possible secondary constraints also weakly vanishes. In [14] it was shown that assuming (some of) the one-form fields a p to be invertible can lead to secondary constraints. This happens when the inverse of this field can be used to turn the three-form equation (4.13) into a twoform identity. The spatial components of this two-form then constitute a secondary constraint on the canonical variables. In general these secondary constraints, labelled by I take the form
for some anti-symmetric field space matrix h I, pq . The Poisson bracket of the diffeomorphism generator Φ[ξ p = a µ p ζ µ ] with these constraints is
Now we have shown that the constraints (4.10) with gauge parameter (4.3) generate diffeomorphisms and have weakly vanishing Poisson brackets with themselves and all the other constraints in the theory 4 . Hence these constraints are first class in the general CS-like model and thus generate gauge symmetries. Their boundary terms (4.11) constitute the boundary charges. Now we proceed to impose suitable boundary conditions. Suitable in this case means strict enough to make the boundary charges (4.11) integrable, finite and conserved, but loose enough to allow for a non-trivial asymptotic symmetry algebra generated by these boundary charges.
Asymptotic symmetry algebra in CS-like theories
In order to find the asymptotic symmetry algebra in the general CS-like theories we proceed in the following way. First we specify the boundary conditions for our fields a p . They have to solve the constraint equations (at least asymptotically) and they should come equipped with the specification of what is allowed to fluctuate on the boundary and what is kept fixed, i.e., which components of the fields carry state-dependent information.
Then we determine the transformations (4.2) with gauge parameter (4.3) that preserve the boundary conditions, up to the transformation of state-dependent functions. In other words, on the left hand side of (4.2) we specify which components of the fields are allowed to fluctuate. Then we find the asymptotic gauge parameters ξ p by solving for the right hand side of (4.2), usually (but not necessarily) in some asymptotic (or near horizon) expansion in the radial coordinate.
In this process we can be assisted by the secondary constraints that follow from (4.13).
Using this equation and (4.3) we find that
Depending on the actual form of the secondary constraints, this could turn into a simple equation relating different components of ξ p to each other. After having found the gauge parameters which preserve (4.2), the consistency of the boundary conditions can be checked by inserting the result for the gauge parameter into the variation of the charges (4.11). This should be finite on the boundary, integrable and conserved. Once these conditions are met, the Poisson brackets (4.12) will solely receive contributions from the boundary charges on-shell and reduce to the Dirac bracket algebra of boundary charges
Imposing boundary conditions on a ϕ p suffices to determine the asymptotic symmetry algebra. The conditions on the radial component of the fields can be derived by solving the constraints asymptotically. This is often simplified by choosing a suitable local Lorentz gauge. The time components of the fields can then be found by demanding the boundary conditions on a ϕ q to be conserved under time evolution. This condition amounts to
and implies that the time component of the fields can be taken to be equal to the transformations which preserve a ϕ q . Then the transformation of the state-dependent functions (which constitute the boundary Ward identities) will turn into bulk equations of motion. Any free functions appearing in the gauge parameter ξ p will become the theories chemical potentials. This situation is essentially equivalent to that of actual CS theories [44] .
In practice, however, one often deals with CS-like theories of gravity where one of the one-forms is a triad. It is then natural to impose boundary conditions on the triad components inspired by some asymptotic (or near horizon) expansion of a metric in a second order formulation of the theory. The process of adding chemical potentials as described above could then be used to generalize a specific set of boundary conditions and find the corresponding metric with arbitrary chemical potentials switched on. Now that we have discussed in detail the procedure to obtain the asymptotic symmetry algebra of boundary diffeomorphism charges in the general CS-like model (4.1), we proceed to apply this to the case of near horizon warped black hole boundary conditions in TMG.
Warped near horizon symmetries
As next step in our analysis we apply the results of the previous section to our boundary conditions (3.19) in TMG. We start by finding the boundary condition preserving transformations in section 5.1. Then we derive the warped near horizon charges in section 5.2, showing that they are finite, integrable and conserved in time. In section 5.3 we obtain the near horizon symmetry algebra associated with the warped near horizon charges.
Boundary condition preserving transformations
In the case of TMG we recover from (4.1) the bulk action (3.17) by taking the CS-like level k = 1 4G , and using the field space metric and structure constants
The triad, spin-connection and Schouten one-form transform as (4.2), which in this case reads
We are looking for the parameters ξ p which preserve the near horizon boundary conditions (3.19) in the limit as r → 0. To this end we can use the field equations to solve asymptotically for ω and f (see appendix B). The state-dependent functions in this solution are γ(ϕ) and ω(ϕ) and hence we solve for ξ p that satisfy
while all other components of variations of the fields must vanish. We are aided in this process by the secondary constraint of TMG, which reads (in covariant form)
In that case (4.18) turns into tr(e ξ f ) = tr(f ξ e ) , (5.5)
which we can solve for ξ f by invertibility of the triad. The other components of ξ p are found by solving the conditions (5.3). It turns out that they can be written in terms of two arbitrary functions of ϕ, which we call η(ϕ) and ε(ϕ).
These transformations correspond to diffeomorphisms by the near horizon Killing vector
The leading order of this Killing vector is exactly the same as in [2] [Eq. (84) with Ω = 0]. In accordance with the near horizon boundary conditions for non-extremal black holes in Einstein gravity [1] we are interested here in ξ p that do not depend on the functions characterizing the specific state, γ(ϕ) and ω(ϕ). As a result the near horizon Killing vector (5.7) does depend on these functions. In appendix C we explore the consequences of taking the Killing vector to be state-independent. This leads to a generalization of the work of [5] to near horizon warped black holes.
We should also note here that the form of (5.6) is exactly that of a t p for p = e, ω, f given in appendix B, if we identify the zero-mode of η(ϕ) with the Rindler acceleration a and set ε(ϕ) to zero. This suggests that one could allow for a second chemical potential in the metric by allowing for non-zero ε(ϕ) in a t p . We have excluded this possibility from the metric perspective, as this would lead to O(r 0 ) terms in g tt and hence spoil the regularity of the solution on the horizon.
Warped near horizon charges
Under the boundary condition preserving transformations (5.2) generated by (5.6) the state dependent functions γ(ϕ) and ω(ϕ) transform as
The variation of the charges is readily computed through (4.11) and easily integrated to
This is one of our main results. The charges (5.9) are non-trivial, finite, integrable and conserved in time, ∂ t Q[ε, η] = 0. This proves that our starting point, the boundary conditions (3.19), was meaningful. The boundary Hamiltonian, i.e., the charge associated with unit time-translations is given by
Warped near horizon symmetry algebra
The symmetry algebra (4.19) of the warped near horizon charges (5.9) with variations given by (5.8) is conveniently expressed in terms of Fourier modes J n and K n defined by
These modes satisfy the commutation relations
For finite ν ≥ 1 the algebra (5.12) can always be diagonalized
leading to our final result for the warped near horizon symmetry algebra, the non-vanishing commutators of which read
with the left-and right-u(1) levels
The limiting case ν = 1 describes BTZ black holes in TMG and yields u(1) levels k
Comparing with the known results for the left and right central charges of TMG [45, 46] c
shows consistency with (5.16) provided we make the usual identification between central charges and levels, c
. Thus, as expected the difference between the u(1) levels k
is a measure for the gravitational anomaly, while their sum is a measure for the conformal anomaly. Thus, we have extended one of the main results of previous near horizon analyses [1, 2] to locally non-maximally symmetric solutions. Namely, the near horizon symmetry algebra consists of two u(1) current algebras or, equivalently, of infinitely many Heisenberg algebras together with two zero mode charges J ± 0 . The discussion of soft hair excitations in these papers generalizes straightforwardly to the present case. This is so, because the near horizon Hamiltonian H (5.10) is a sum of zero mode charges
and therefore commutes with all raising operators J ± −n so that, like in previous cases, all soft hair descendants have the same energy as the parent state.
Entropy
Thermodynamics of warped black holes in TMG was studied in [10] , where they found a macroscopic result for the entropy
and suggested a microscopic one of Cardy-type that matches the result above. Given that the asymptotic symmetries of warped black holes are of warped CFT type [47] a slightly more natural microscopic formula for these black holes that also matches the macroscopic result (6.1) was proposed in [48] based on a Cardy-like formula for warped CFTs. The conjecture that we want to test in the current paper is whether or not the macroscopic entropy (6.1) again has the simple form in terms of near horizon variables given by (1.1). The algebraic relations (3.6) and (3.7) allow to express the entropy (6.1) as
In the second equality of the simple result (6.2) we used the definition of the near horizon charges (5.9) in terms of Fourier modes (5.11). Comparing the result for entropy (6.2) with the near horizon Hamiltonian (5.18) and using the standard relation between Rindler acceleration and Unruh temperature, a = 2πT , yields H = T S, so that we recover the expected near horizon first law [1, 5, 49] 
The final step is to use the diagonal basis (5.13) to bring the entropy into the form conjectured in the introduction
In appendix D we derive a general result for the entropy in the CS-like formulation, which reproduces the entropy (6.4) for soft hairy warped black holes in TMG.
Our main result (6.4) shows that the entropy of warped black holes (and their soft hairy generalizations constructed in the present work) is the sum of zero mode charges of two commuting u(1) current algebras that arise in their near horizon description.
Conclusions
We provided the first example of locally non-maximally symmetric black holes that exhibit the entropy law (6.4), conjectured to be universal in [2] , which provides highly non-trivial evidence for the conjecture. While doing so, we have established novel boundary conditions (3.9)-(3.13) [or, equivalently, (3.19) in first order formulation for constant Rindler acceleration] that allow soft hair excitations of warped black holes in TMG.
Our example is the first of possibly numerous others. There are two natural generalizations. One could consider soft hairy warped black holes in other higher derivative/CS-like theories of three-dimensional gravity (see e.g. [15] and refs. therein), and/or one could study other locally non-maximally symmetric black hole solutions (see e.g. [28] and refs. therein for such solutions in TMG). To this end our general framework for computing canonical boundary charges and asymptotic symmetry algebras in Chern-Simons-like theories of gravity will surely be useful.
It would be very interesting to verify if the "fluffball" proposal for semi-classical near horizon microstates [50] [51] [52] works also for warped black holes. Relatedly (but also independently) it would be gratifying to know the precise coefficient of the log corrections to (soft hairy) warped black holes. We expect the calculation to be analogous to the BTZ case [53] , with the only subtlety being the use of an ensemble different from the usual ones that arise in asymptotic discussions (see e.g. [54] regarding the role played by the choice of thermodynamical ensemble for the numerical coefficient in the log-corrections to black hole entropy).
Finally, it could be rewarding to lift our results to dimensions higher than three. There are already indications that a similar entropy law exists in four spacetime dimensions [55] based on four u(1) current algebras [50] and that the "fluffball" proposal could generalize as well [56] , but it remains to be seen how universal are the higher-dimensional generalizations of the entropy formula (1.1).
We conclude with restating the initial conjecture with more confidence: non-extremal black holes in three dimensions (in Einstein gravity, higher derivative and/or higher spin gravity) have an entropy of the form (1.1), where J ± 0 are zero modes of u(1) current algebras that arise as near horizon symmetries. It would be excellent to find a generic proof of this conjecture or a non-trivial counter-example. 5 
A Algebra conventions
We use the sl(2, R) generators
and the following non-vanishing traces
For comparison with literature on CS-like theories (see [15] and refs. therein) it is useful to convert into an so(1, 2) basis T a , given by
with the standard commutation relations (a,
where indices are raised and lowered by the Minkowski metric
The translation between wedged commutators, index notation and the cross-product notation of [15] is then given by
Note that in the first and last equality there are two compensating signs. For varying the action (3.17) the triple product identity
is useful.
B Chern-Simons-like variables in near horizon expansion
Starting with the triad (3.19) to lowest orders in r we iteratively solve the equations of motion (3.18), thereby obtaining the connection from the condition of vanishing torsion and the Schouten one-form from the relation between f and curvature. The final equation of motion then yields conditions for the next subleading term in the triad e. In this way solutions to the equations of motion compatible with our boundary and gauge-fixing conditions (3.19) are found. We display below the first couple of terms in such a near horizon expansion.
As in the main text, we assumed above that Rindler acceleration is constant, a = const., so that the near horizon Ward identities (3.14) imply that the state-dependent functions γ and ω depend solely on the angular coordinate ϕ.
The results above together with the formula for the metric g µν = 2 tr e µ e ν (B.10)
yield the line-element (3.15).
C Warped DGGP boundary conditions
In section 5.1 we discussed the transformations ξ p that preserve our near horizon warped black hole boundary conditions (3.19 ). An implicit assumption in that derivation (inspired by the Einstein gravity case [1, 2] ) is that we take the near horizon gauge generator to be independent of the functions specifying the state, γ(ϕ) and ω(ϕ). This is a subtle, but important difference with respect to the work of Donnay, Giribet, González and Pino (DGGP) [5, 6] , where the near horizon Killing vector ζ µ is assumed to be independent of the state-dependent function. This approach leads to a different near horizon charges and algebra. For our near horizon warped black hole boundary conditions in TMG, it is also possible to repeat the analysis of section 5 while assuming the near horizon Killing vector is independent of γ(ϕ) and ω(ϕ). We may write it in terms of two arbitrary functions T (ϕ) and Y (ϕ)
By (4.3) this implies that the gauge parameters ξ p read
which is simply (5.6) with η(ϕ) = (aT (ϕ) − Y (ϕ)ω(ϕ)) and ε(ϕ) = −Y (ϕ)γ(ϕ). These relations also hold in the variation of the state-dependent functions (5.8) which now read
Here the prime denotes differentiation with respect to ϕ. The variation of the canonical boundary charges (4.11) is again integrable and finite. Once integrated the charges give
The Fourier modes L n = Q[T = 0, Y = e inϕ ] and P n = Q[T = e inϕ , Y = 0] span the 'near horizon warped DGGP' algebra, which reads
Like in [5] , this is a semidirect sum of the Witt algebra with a u(1) current algebra. However, now the u(1) current has a non-zero level
Note that the level κ is determined entirely by the gravitational anomaly and thus vanishes only in the limit of infinite ν. As observed in [5] for the BTZ black hole, also the warped black hole entropy (6.1) is given by P 0 times the inverse temperature β = 2π/a. The warped conformal analysis done in AdS [1] can be repeated verbatim and leads to the same result for entropy. Linearity of the entropy in P 0 is also predicted by the warped conformal generalization of the Cardy formula for vanishing central charge c = 0, see Eq. (49) in [48] .
D Entropy from a boundary term at the horizon
In this appendix we generalize the arguments from [57] for computing the entropy of black holes to Chern-Simons-like theories of gravity. Obviously, for the results here to hold, we would need a suitable CS-like theory of gravity that allows for non-trivial and non-degenerate solutions whose metric interpretation is that of a stationary black hole with regular horizon at a radial coordinate r = r + and inverse temperature β = 2π/a. We will assume here that such solutions exist in the theory of our interest, but other than that the derivation holds for general CS-like theories. We start with the action (4.1) and add a boundary term to ensure that the variational principle is well-defined with the constraint functions φ p . Following [57] , we will pass to Euclidean signature via a Wick rotation t = −iτ . Now, both ϕ and τ are periodic with periodicities ϕ ∼ ϕ + 2π and τ ∼ τ + β.
The entropy of a black hole can be obtained by evaluating the action on-shell, i.e., on the black hole solution. The action has to be of such a form that if we demand it to be stationary with some boundary conditions at infinity, the equations of motion should hold everywhere. We choose to work in the Hamiltonian form because black hole solutions are time independent as they describe a thermodynamic system in equilibrium. Then, the first term in (D.3) vanishes and the constraint φ p = 0 has to hold on-shell. The entropy comes from a contribution to the action at the horizon r + that stems from demanding a regular solution at r + .
The variation of the action (D. Now, B r + is chosen such that δI = 0. This requires us to integrate the surface term in the above expression, which may in general be non-trivial. Fortunately, as explained in section 4.3, by consistency of the boundary conditions, the time component of the fields a t p have to be proportional to a boundary condition preserving gauge transformation of a ϕ p . This implies that the condition that the surface term in (D.5) is integrable is equivalent to the condition that the canonical boundary charges (4.11) are integrable at the horizon. Provided that these conditions are met, and the gauge parameters do not depend on the charges (which is the case for our near horizon boundary conditions) we can readily integrate (D.5) and write on-shell One can now easily verify that the TMG field space metric (5.1), together with the near horizon solution for the fields a p given in appendix B, reproduce the entropy (6.2) at r = 0.
